Received: October 13, 2000, Accepted: November 4, 2000

HYPER VERSION

A deformation of three dimensional BF theory

Noriaki Ikeda^∗

Ritsumeikan University Kusatsu, Shiga 525-8577, Japan, and Setsunan University Neyagawa, Osaka 572-8508, Japan E-mail: ikeda@yukawa.kyoto-u.ac.jp

Abstract: We consider a deformation of three dimensional BF theory by means of the antifield BRST formalism. Possible deformations for the action and the gauge symmetries are analyzed. We find a new class of gauge theories which include nonabelian BF theory, higher dimensional nonlinear gauge theory and topological membrane theory.

Keywords: Field Theories in Lower Dimensions, Topological Field Theories, Gauge Symmetry, BRST Symmetry.

∗Present Address: Yukawa Institute for Theoretical Physics, Kitashirakawa, Sakyo-ku, Kyoto, 606-8502, Japan.

Contents

1. Introduction 1

2. A deformation of three dimensional BF theory 2

3. Relations to the known 3D theories 8 3.1 Nonabelian gauge symmetry 8 3.2 Nonlinear gauge theory 9 3.3 Chern-Simons-Witten gravity 9 3.4 Two-brane 10

4. Conclusion and discussion 10

A. The total BRST transformations on all fields 11

1. Introduction

The nonlinear gauge theory in two dimension are proposed in [1]. It is one of Schwarz type (or BF type) topological field theory [2] and has the gauge symmetry which generalize the usual nonabelian gauge symmetry. This theory was independently analyzed by Schaller and Strobl [3] by the Hamilton formalism.

This theory has some applications. One of them is two dimensional dilaton gravity [1, 4]. Recently, it is related to the string theory and a star product deformation theory. Cattaneo and Felder [5] have considered this theory on two dimensional disk. They obtained the path integral representation for the a star product on the Poisson manifold which was introduced by Kontsevich in [6]. The star product structure in the open string theory with non-zero background Neveu-Schwarz B-field appears essentially at the same mechanism [7].

Izawa [8] has recently analyzed the nonlinear gauge theory from the viewpoint of a deformation of the gauge symmetry [9]. He found that two dimensional nonlinear gauge theory is the unique consistent deformation of two dimensional abelian BF theory. He also found a higher dimensional nonlinear gauge theory.

In this paper we make a similar analysis in a higher dimension in three dimension and find deformations of the abelian BF theory,^1 which give new nontrivial extensions of the nonabelian gauge symmetry and nonlinear gauge symmetry. We find all

1Dayi have analyzed a deformation of the BF theories in a special case in [10].

deformations with a Lie algebra structure in three dimension. It includes a higher dimensional nonlinear gauge theory proposed in [8].

The key in nonlinear gauge theory is the nonlinear gauge symmetry δ_{NL} on the fields:

δ_{NL}ϕ_a = W_{ba}ϵ^b

δ_{NL}h^a = dϵ^a + ∂W_{bc} ∂ϕ_a h^bϵ^c , (1.1)

where a, b, etc. are Lie algebra indices (or the target space indices). ϕ_a is a scalar field, h^a is a one-form gauge field and W_{ab}(ϕ) = −W_{ba}(ϕ) is an arbitrary function of ϕ_a. W_{ab}(ϕ) must satisfy the following identities: ∂W_{ab} ∂ϕ_d W_{cd} + ∂W_{bc} ∂ϕ_d W_{ad} + ∂W_{ca} ∂ϕ_d W_{bd} = 0 , (1.2)

in order for (1.1) to be a symmetry of the theory. This eq. (1.2) is just the Jacobi identity if the following commutation relation holds:

[ϕ_a, ϕ_b] = W_{ab}(ϕ) . (1.3)

The commutation relation on the left hand side is realized as the Poisson bracket of the coordinates ϕ_a and ϕ_b on the Poisson manifold [3]. That is, W_{ab} in (1.3) define the Poisson structure.

In two dimension, the action possessing the gauge symmetry (1.1) is uniquely given by S = ∫ L L = h^adϕ_a + 1 2 W_{ab}h^ah^b . (1.4)

This paper is organized as follows. In section 2 we consider a deformations of three dimensional BF theory by means of antifield BRST formalism and construct a deformed new gauge theory. In section 3 we discuss the relations with the known theories.

2. A deformation of three dimensional BF theory

In three dimension, abelian BF theory has the following action:

S_0 = ∫ (A^a ∧ dϕ_a + B_a ∧ dh^a) , (2.1)

where ϕ_a is a 0-form ’adjoint’ scalar field, h^a and B_a are a 1-form and A^a is a 2-form gauge field. Indices a, b, c, etc. represent algebra indices. We can consider the more general term A^a ∧g(ϕ)_a^bdϕ_b in the action, where g(ϕ)_a^b is a function of ϕ_a and similar one for the B, h term. Then if we redefine A^a as A^{a′} = (g^{−1})^a_b(ϕ)A^b , (2.2) we can obtain A^{a′} ∧ dϕ_b. It is similar for the B, h term.

It has the following abelian gauge symmetry: δ_0ϕ_a = 0 , δ_0h^a = dc_1^a , δ_0c_1^a = 0 , δ_0B_a = dc_{2a} , δ_0c_{2a} = 0 , δ_0A^a = dc_3^a , δ_0c_3^a = dv^a , δ_0v^a = 0 , (2.3) where c_1^a, c_{2a} are 0-form gauge parameters and c_3^a is a 1-form gauge parameter. Since A^a is 2-form, we need a ’ghost for ghost’ 0-form v^a.

In order to analyze the theory by the antifield BRST formalism, first we take c_1^a, c_{2a} and c_3^a to be the Grassmann odd FP ghosts with ghost number one, and v^a to be a the Grassmann even ghost with ghost number two. Next we introduce antifields for all fields. Let Φ^∗ denote the antifields for the field Φ. The Batalin-Vilkovisky action which includes the antifields is given by S_{BF} = S_0 + S_1 ,

S_1 = ∫ (h^∗_a ∧ dc_1^a + B^{∗a} ∧ dc_{2a} + A^∗_a ∧ dc_3^a + c^∗_{3a} ∧ dv^a) . (2.4)

From this, the relations deg(Φ^∗)+deg(Φ) = 3 and gh(Φ^∗)+gh(Φ) = −1 are required, where we define deg(Φ) and deg(Φ^∗) as the form degrees of the fields Φ and Φ^∗ and gh(Φ) and gh(Φ^∗) as the ghost numbers. The BRST transformation can then be defined by δ_0Φ = (Φ, S_{BF} ) , δ_0Φ^∗ = (Φ^∗, S_{BF} ) , (2.5) where (·, ·) is the antibracket (A, B) ≡ A^←δ δΦ ⃗δB δΦ^∗ − A^←δ δΦ^∗ ⃗δB δΦ , (2.6)

for any field A and B. This transformation reproduces the gauge transformation (2.3) for the fields. Indeed the BRST transformation are obtained from (2.4) and (2.5) are given as follows:

δ_0ϕ_a = 0 , δ_0h^a = dc_1^a , δ_0B_a = dc_{2a} , δ_0A^a = dc_3^a , δ_0c_3^a = dv^a , δ_0ϕ^∗_a = dA^a , δ_0h^∗_a = −dB_a , δ_0A^∗_a = −dϕ_a , δ_0B^{∗a} = −dh^a , δ_0c^∗_{1a} = −dh^∗_a , δ_0c^∗_2^a = −dB^∗_a , δ_0c^∗_{3a} = dA^∗_a , δ_0v^{∗a} = dc^∗_{3a} , δ_0Φ = δ_0Φ^∗ = 0 , for otherwise . (2.7) In table 1, we show the form degrees and the ghost numbers for all the fields. The column and row correspond to the form degree and the ghost number, respectively.

Let us consider a deformation to the action 0 1 2 3 −3 v^∗_a −2 c^∗_{3a} c^∗_{1a}, c^∗_2^a −1 A^∗_a B^{∗a}, h^{∗a} ϕ^{∗a} 0 ϕ_a h^a, B_a A^a 1 c_1^a, c_{2a} c_3^a 2 v^a Table 1: Form degrees and ghost numbers of fields.

S_{BF} perturbatively,

S = S_{BF} + gS_2 + g^2S_3 + · · ·

= S_0 + S_1 + gS_2 + g^2S_3 + · · · , (2.8) where g is a coupling constant. The total BRST transformation is deformed to

δΦ = (Φ, S) , δΦ^∗ = (Φ^∗, S) . (2.9) In order for the deformed BRST transformation δ to be nilpotent, the total action S has to satisfy the following master equation: (S, S) = 0 . (2.10) Substituting (2.8) to (2.10), we obtain (S, S) = (S_{BF} , S_{BF} ) + 2g(S_2, S_{BF} ) + g^2[(S_2, S_2) + 2(S_3, S_{BF} )] + O(g^3) = 0 . (2.11) We solve this equation order by order. δ_0S_{BF} = (S_{BF} , S_{BF} ) = 0 from the definition. At the first order of g in the eq. (2.11), δ_0S_2 = (S_2, S_{BF} ) = 0 , (2.12) is required. S_2 is given by the lagrangian:

S_2 = ∫ a_3 , (2.13)

where a_3 must be a 3-form. A deformation of the lagrangian a_3 should obey the following descent equations: δ_0a_3 + da_2 = 0 , δ_0a_2 + da_1 = 0 , δ_0a_1 + da_0 = 0 , δ_0a_0 = 0 , (2.14) where a_0 is a 0-form with the ghost number 3. where δ_0 cohomology on S is defined up to the terms proportional to the equations of motion. Because their terms can be eliminated by the field redefinitions and these are trivial deformations [9].

Since δ_0a_0 = 0, it should have the form a_0 = −f_{1ab}(ϕ)v^ac_1^b − f_{2a}^b(ϕ)v^ac_{2b} − − 1 6 f_{3abc}(ϕ)c_1^ac_1^bc_1^c − 1 2 f_{4ab}^c(ϕ)c_1^ac_1^bc_{2c} − − 1 2 f_{5a}^{bc}(ϕ)c_1^ac_{2b}c_{2c} − 1 6 f_6^{abc}(ϕ)c_{2a}c_{2b}c_{2c} , (2.15)

up to the BRST trivial terms. f_{1ab}, f_{2a}^b, f_{3abc}, f_{4ab}^c, f_{5a}^{bc} and f_6^{abc} are functions of ϕ_a to be fixed later. f_{4ab}^c = −f_{4ba}^c, f_{5a}^{bc} = −f_{5a}^{cb}, and f_{3abc} and f^{abc}_6 are completely antisymmetric with respect to a, b, c. Here there are not the metric dependent terms such as f_{ab}(ϕ)∂^μv^a∂_μc_1^b in (2.15). Because these terms are proportional to the equations of motion and trivial in cohomology.

Solving (2.14) using (2.7), a_3 is obtained as follows:

a_3 = − 1 6 ∂^3f_{1ab} ∂ϕ_c∂ϕ_d∂ϕ_e A^∗_eA^∗_dA^∗_c v^ac_1^b + + ∂^2f_{1ab} ∂ϕ_c∂ϕ_d ( −c^∗_{3d}A^∗_c v^ac^b_1 + 1 2 A^∗_dA^∗_c c_3^ac_1^b − 1 2 A^∗_dA^∗_c v^ah^b ) + + ∂f_{1ab} ∂ϕ_c (v^∗_c v^ac_1^b + c^∗_{3c}c_3^ac_1^b − c^∗_{3c}v^ah^b + A^∗_c A^ac_1^b + A^∗_c c_3^ah^b − A^∗_c v^aB^{∗b}) +

+f_{1ab}(−ϕ^{∗a}c_1^b + A^ah^b + c_3^aB^{∗b} + v^ac^∗_2^b) − 1 6 ∂^3f_{2a}^b ∂ϕ_c∂ϕ_d∂ϕ_e A^∗_eA^∗_dA^∗_c v^ac_{2b} + + ∂^2f_{2a}^b ∂ϕ_c∂ϕ_d ( −c^∗_{3d}A^∗_c v^ac_{2b} + 1 2 A^∗_dA^∗_c c_3^ac_{2b} − 1 2 A^∗_dA^∗_c v^aB_b ) + + ∂f_{2a}^b ∂ϕ_c (v^∗_c v^ac_{2b} + c^∗_{3c}c_3^ac_{2b} − c^∗_{3c}v^aB_b + A^∗_c A^ac_{2b} + A^∗_c c_3^aB_b − A^∗_c v^ah^∗_b ) +

+f_{2a}^b(−ϕ^{∗a}c_{2b} + A^aB_b + c_3^ah^∗_b + v^ac^∗_{1b}) − 1 36 ∂^3f_{3abc} ∂ϕ_d∂ϕ_e∂ϕ_f A^∗_f A^∗_eA^∗_dc_1^ac_1^bc_1^c + + ∂^2f_{3abc} ∂ϕ_d∂ϕ_e ( − 1 6 c^∗_{3e}A^∗_dc_1^ac_1^bc_1^c − 1 4 A^∗_eA^∗_dh^ac_1^bc_1^c ) + + ∂f_{3abc} ∂ϕ_d ( 1 6 v^∗_dc_1^ac_1^bc_1^c − 1 2 c^∗_{3d}h^ac_1^bc_1^c − 1 2 A^∗_dB^{∗a}c_1^bc_1^c + 1 2 A^∗_dh^ah^bc_1^c ) + +f_{3abc} ( 1 2 c^∗_2^ac_1^bc_1^c + B^{∗a}h^bc_1^c + 1 6 h^ah^bh^c ) − − 1 12 ∂^3f_{4ab}^c ∂ϕ_d∂ϕ_e∂ϕ_f A^∗_f A^∗_eA^∗_dc_1^ac_1^bc_{2c} + + ∂^2f_{4ab}^c ∂ϕ_d∂ϕ_e ( − 1 2 c^∗_{3e}A^∗_dc_1^ac_1^bc_{2c} − 1 2 A^∗_eA^∗_dh^ac_1^bc_{2c} − 1 4 A^∗_eA^∗_dc_1^ac_1^bB_c ) + + ∂f_{4ab}^c ∂ϕ_d (1 2 v^∗_d c_1^ac_1^bc_{2c} − c^∗_{3d}h^ac_1^bc_{2c} − 1 2 c^∗_{3d}c_1^ac_1^bB_c − A^∗_dB^{∗a}c_1^bc_{2c} + + 1 2 A^∗_dh^ah^bc_{2c} − A^∗_dh^ac_1^bB_c − 1 2 A^∗_dc_1^ac_1^bh^∗_c ) + +f_{4ab}^c ( c^∗_2^ac_1^bc_{2c} + B^{∗a}h^bc_{2c} − B^{∗a}c_1^bB_c + 1 2 h^ah^bB_c − h^ac_1^bh^∗_c + 1 2 c_1^ac_1^bc^∗_{1c} ) − − 1 12 ∂^3f_{5a}^{bc} ∂ϕ_d∂ϕ_e∂ϕ_f A^∗_f A^∗_eA^∗_dc_1^ac_{2b}c_{2c} + + ∂^2f_{5a}^{bc} ∂ϕ_d∂ϕ_e ( − 1 2 c^∗_{3e}A^∗_dc_1^ac_{2b}c_{2c} − 1 4 A^∗_eA^∗_dh^ac_{2b}c_{2c} + 1 2 A^∗_eA^∗_dc_1^aB_bc_{2c} ) + + ∂f_{5a}^{bc} ∂ϕ_d ( 1 2 v^∗_dc_1^ac_{2b}c_{2c} − 1 2 c^∗_{3d}h^ac_{2b}c_{2c} + c^∗_{3d}c_1^aB_bc_{2c} − 1 2 A^∗_dB^{∗a}c_{2b}c_{2c} +

+ A^∗_dh^aB_bc_{2c} − A^∗_dc_1^ah^∗_b c_{2c} + 1 2 A^∗_dc_1^aB_bB_c ) + +f_{5a}^{bc} ( 1 2 c^∗_2^ac_{2b}c_{2c} + B^{∗a}B_bc_{2c} − h^ah^∗_b c_{2c} + 1 2 h^aB_bB_c − c_1^ac^∗_{1b}c_{2c} − c_1^ah^∗_b B_c ) − − 1 36 ∂^3f_6^{abc} ∂ϕ_d∂ϕ_e∂ϕ_f A^∗_f A^∗_eA^∗_dc_{2a}c_{2b}c_{2c} + + ∂^2f_6^{abc} ∂ϕ_d∂ϕ_e ( − 1 6 c^∗_{3e}A^∗_dc_{2a}c_{2b}c_{2c} − 1 4 A^∗_eA^∗_dB_ac_{2b}c_{2c} ) + + ∂f_6^{abc} ∂ϕ_d ( 1 6 v^∗_dc_{2a}c_{2b}c_{2c} − 1 2 c^∗_{3d}B_ac_{2b}c_{2c} − 1 2 A^∗_dh^∗_ac_{2b}c_{2c} + 1 2 A^∗_dB_aB_bc_{2c} ) + +f_6^{abc} ( 1 2 c^∗_{1a}c_{2b}c_{2c} + h^∗_aB_bc_{2c} + 1 6 B_aB_bB_c ) , (2.16)

where the BRST trivial terms are dropped since their terms do not deform the BRST transformation. At the second order of g,

(S_2, S_2) + 2(S_3, S_{BF} ) = 0 , (2.17)

is required. We cannot construct nontrivial S_3 which satisfies (2.17) from the integration of the local lagrangian. Therefore if we assume the locality of the action, we find S_i = 0 for i ≥ 3. Then the condition (2.17) reduces to

(S_2, S_2) = 0 . (2.18)

This imposes the following conditions on the above equations f_i, i = 1, · · · , 6:

f_{1ae}f_{2b}^e + f_{2a}^ef_{1be} = 0 , (2.19) ∂f_{1ac} ∂ϕ_e f_{1eb} + ∂f_{1ab} ∂ϕ_e f_{1ec} + f_{1ae}f_{4bc}^e + f_{2a}^ef_{3ebc} = 0 , (2.20) −f_{1eb} ∂f_{2a}^c ∂ϕ_e + f_{2e}^c ∂f_{1ab} ∂ϕ_e + f_{1ae}f_{5b}^{ec} − f_{2a}^ef_{4eb}^c = 0 , (2.21) f_{2e}^{[b} ∂f_{2a}^{c]} ∂ϕ_e + f_{1ae}f^{ebc}_6 + f_{2a}^ef_{5e}^{bc} = 0 , (2.22) f_{1e[b} ∂f_{4cd]}^a ∂ϕ_e − f_{2e}^a ∂f_{3bcd} ∂ϕ_e + f_{4e[b}^af_{4cd]}^e + f_{3e[bc}f_{5d]}^{ae} = 0 , (2.23) f_{1e[b} ∂f_{5c]}^{ad} ∂ϕ_e + f_{2e}^{[a} ∂f_{4bc}^{d]} ∂ϕ_e + f_{3ebc}f_6^{ead} + f_{4e[b}^{[d}f_{5c]}^{a]e} + f_{4bc}^ef_{5e}^{ad} = 0, (2.24) f_{1eb} ∂f_6^{acd} ∂ϕ_e − f_{2e}^{[a} ∂f_{5b}^{cd]} ∂ϕ_e + f_{4eb}^{[a}f_6^{cd]e} + f_{5e}^{[ac}f_{5b}^{d]e} = 0 , (2.25) f_{2e}^{[a} ∂f_6^{bcd]} ∂ϕ_e − f_6^{e[ab}f_{5e}^{cd]} = 0 , (2.26) f_{1e[a} ∂f_{3bcd]} ∂ϕ_e + f_{4[ab}^ef_{3cd]e} = 0 , (2.27)

where [· · ·] represents the antisymmetrization for the indices. For example, Φ_{[ab]} = Φ_{ab} − Φ_{ba}.

Now we have obtained possible deformation of three dimensional BF theory. The deformed lagrangian is (2.16) and f_i’s satisfy identities (2.19)– (2.27). The concrete transformation on each field is listed in the appendix. We set g = 1 in the later part of the paper.

If we set all antifields Φ^∗ = 0 in (2.13), we obtain the usual classical action. we can write down it explicitly as S = ∫ L , L = A^a ∧ dϕ_a + B_a ∧ dh^a + f_{1ab}A^ah^b + f_{2a}^bA^aB_b + + 1 6 f_{3abc}h^ah^bh^c + 1 2 f_{4ab}^ch^ah^bB_c + 1 2 f_{5a}^{bc}h^aB_bB_c + 1 6 f_6^{abc}B_aB_bB_c . (2.28)

There is a global symmetry ϕ → ϕ + constant in (2.1). However generally the deformed action (2.28) does not have such symmetry.

The equations of motion of this theory are

dϕ_a + f_{1ab}h^b + f_{2a}^bB_b = 0 ,

dh^a + f_{2b}^aA^b + 1 2 f_{4bc}^ah^bh^c − f_{5b}^{ac}h^bB_c + 1 2 f_6^{abc}B_bB_c = 0 ,

dB_a + f_{1ba}A^b + 1 2 f_{3abc}h^bh^c + f_{4ab}^ch^bB_c + 1 2 f_{5a}^{bc}B_bB_c = 0 , −dA^a + ∂f_{1bc} ∂ϕ_a A^bh^c + ∂f_{2b}^c ∂ϕ_a A^bB_c + 1 6 ∂f_{3bcd} ∂ϕ_a h^bh^ch^d + + 1 2 ∂f_{4bc}^d ∂ϕ_a h^bh^cB_d + 1 2 ∂f_{5b}^{cd} ∂ϕ_a h^bB_cB_d + 1 6 ∂f_6^{bcd} ∂ϕ_a B_bB_cB_d = 0 . (2.29)

The BRST transformation δ on each field is calculated to be:

δϕ_a = −f_{1ab}c_1^b − f_{2a}^bc_{2b} , δh^a = dc_1^a + f_{4bc}^ah^bc_1^c + f_{5b}^{ac}c_1^bB_c −

−f_{5b}^{ac}h^bc_{2c} + f_6^{abc}B_bc_{2c} − f_{2b}^ac_3^b , δB_a = f_{3abc}h^bc_1^c − f_{4ab}^cc_1^bB_c +

+dc_{2a} + f_{4ab}^ch^bc_{2c} + f_{5a}^{bc}B_bc_{2c} − f_{1ba}c_3^b , δA^a = ∂f_{1bc} ∂ϕ_a A^bc_1^c + 1 2 ∂f_{3bcd} ∂ϕ_a h^bh^cc_1^d − ∂f_{4bc}^d ∂ϕ_a h^bc_1^cB_d + 1 2 ∂f_{5b}^{cd} ∂ϕ_a c_1^bB_cB_d + + ∂f_{2b}^c ∂ϕ_a A^bc_{2c} + 1 2 ∂f_{4bc}^d ∂ϕ_a h^bh^cc_{2d} + ∂f_{5b}^{cd} ∂ϕ_a h^bB_cc_{2d} + 1 2 ∂f_6^{bcd} ∂ϕ_a B_bB_cc_{2d} +

+dc_3^a + ∂f_{1bc} ∂ϕ_a c_3^bh^c + ∂f_{2b}^c ∂ϕ_a c_3^bB_c . (2.30)

We have obtained the above BRST transformation systematically by the antifield BRST formalism. Therefore (2.30) is the complete set of the BRST, that is, the gauge transformation. Generally, (2.30) is nilpotent only on shell. That is, the algebra of the symmetry is an open algebra.

We now consider the gauge symmetry algebra to understand the role of f_i’s simply. We replace the ghost fields c_1^a, c_{2a} and c_3^a to gauge parameters ϵ_1^a, ϵ_{2a} and ϵ_3^a. Then we obtain the usual gauge transformation. We decompose the gauge symmetry as δ = ϵ_1^aδ_{1a} + ϵ_{2a}δ_2^a + ϵ_3^aδ_{3a} . (2.31)

Then the commutation relations of the algebra generators δ_{1a}, δ_2^a and δ_{3a} are derived from (2.30) and (2.29) as follows:

[δ_{1a}, δ_{1b}] ≈ f_{4ab}^cδ_{1c} + f_{3abc}δ_2^c − ( ∂f_{3abd} ∂ϕ_c h^d + ∂f_{4ab}^d ∂ϕ_c B_d ) δ_{3c} , [δ_{1a}, δ_2^b] ≈ f_{5a}^{bc}δ_{1c} − f_{4ac}^bδ_2^c + ( ∂f_{4ad}^b ∂ϕ_c h^d − ∂f_{5a}^{bd} ∂ϕ_c B_d ) δ_{3c} , [δ_2^a, δ_2^b] ≈ f_6^{abc}δ_{1c} + f_{5c}^{ab}δ_2^c − ( ∂f_{5d}^{ab} ∂ϕ_c h^d + ∂f^{abd}_6 ∂ϕ_c B_d ) δ_{3c} , [δ_{1a}, δ_{3b}] ≈ ∂f_{1ab} ∂ϕ_c δ_{3c} , [δ_2^a, δ_{3b}] ≈ − ∂f_{2b}^a ∂ϕ_c δ_{3c} , [δ_{3a}, δ_{3b}] ≈ 0 . (2.32)

Here ≈ means that the identities are satisfied only on shell, that is, up to the equations of motion. From (2.32), f_i’s are thus seen to give the ’structure constants’ in this algebra, although they actually depend on ϕ_a. Moreover we can see that the conditions (2.19) – (2.27) are nothing but the algebra closing conditions and the Jacobi identities on this Lie algebra.

3. Relations to the known 3D theories

3.1 Nonabelian gauge symmetry

First we consider a simple case. Let only f_{4ab}^c be nonzero among six f_i’s and be a constant. Then the conditions from (2.19) to (2.27) reduce to the following one:

f_{4e[d}^af_{4bc]}^e = 0 , (3.1)

This is nothing but the identity for structure constants of a Lie algebra. Then we find that h^a has well known nonabelian gauge symmetry in (2.30), and the complete gauge transformation of the theory is obtained from (2.30) by setting f_{4ab}^c a constant and the other f_i zero.

3.2 Nonlinear gauge theory Let W_{ab} be an arbitrary a, b antisymmetric function of ϕ_a. We take f_{1ab} = W_{ab}, f_{4ab}^c = ∂W_{ab}/∂ϕ_c and other f_i = 0 . Then (2.19) – (2.27) reduce to (1.2): ∂W_{ab} ∂ϕ_d W_{cd} + ∂W_{bc} ∂ϕ_d W_{ad} + ∂W_{ca} ∂ϕ_d W_{bd} = 0 , (3.2)

and the action (2.28) coincides with the higher dimensional nonlinear gauge theory [8]. Moreover (2.30) give us the complete gauge transformation on this theory.

3.3 Chern-Simons-Witten gravity Let us take f_{4ab}^c = ϵ_{ab}^c, f^{abc}_6 = Λϵ^{abc} and other f_i = 0, where ϵ^{abc} is three dimensional completely antisymmetric tensor and Λ is a constant. Then (2.19) – (2.27) are trivially satisfied. We rewrite ω^a ≡ h^a, e_a ≡ B_a for clarity. Then the action (2.28) becomes L = A^a ∧ dϕ_a + e_a ∧ dω^a + 1 2 ϵ_{ab}^cω^aω^be_c + Λ 6 ϵ^{abc}e_ae_be_c . (3.3)

A^a and ϕ_a completely decouple from the other fields. The remaining terms with e_a and ω^a are the Chern-Simons-Witten gravity action with a cosmological constant Λ [11]. We find that e_a is a dreibein and ω^a is a spin connection. The gauge transformation (2.30) reduces to

δϕ_a = 0 , δω^a = dc_1^a + ϵ_{bc}^aω^bc_1^c + Λϵ^{abc}e_bc_{2c} , δe_a = −ϵ_{ab}^cc_1^be_c + dc_{2a} + ϵ_{ab}^cω^bc_{2c} , δA^a = dc_3^a . (3.4)

The transformation of ω^a and e_a are the gauge transformation founded in [11].

This theory also has the following the general coordinate and local Lorentz symmetry: δ_Gϕ_a = −u^λ∂_λϕ_a , δ_Gω^a = −du^λω_λ^a − u^λ∂_λω^a − ds^a − ϵ_{bc}^aω^bs^c , δ_Ge_a = −du^λe_λ^a − u^λ∂_λe_a − ϵ_{ab}^cs^be_c , δ_GA^a = − 1 2 dx^μ ∧ dx^ν (∂_μu^λA_{νλ}^a + ∂_ν u^λA_{μλ}^a + u^λ∂_λA_{μν}^a), (3.5)

where e_a = dx^μe_{μa}, ω^a = dx^μω_μ^a, A^a =^1_2 dx^μ ∧ dx^ν A_{μν}^a. u^μ and s^a are the general coordinate and local Lorentz transformation parameters. We note that (3.4) and (3.5) are redundant gauge transformations. If we turn on f_1 or f_2, we can modify the action (3.3) and couple A^a and ϕ_a with ω^a and e_a. However it is an unusual coupling and generally the general coordinate and local Lorentz symmetry of ω^a and e_a in (3.5) break down. Thus we cannot interpret ω^a and e_a as the spin connection and the dreibein in this case.

3.4 Two-brane Two dimensional nonlinear gauge theory (1.4) has been related to the string theory. If there is the inverse of W_{ab}, we can integrate h^a out, and then, we obtain L = − 1 2 (W^{−1})^{ab}dϕ_adϕ_b . (3.6)

This is the Neveu-Schwarz B-field part of the string world sheet action.

M-theory contains a two dimensional extended object. Its world volume action is three dimensional field theory. When there is a nonzero 3-from C^{abc}, its bosonic part is written as S = −T (∫ d^3x √ det(−g_{μν} ) + 1 3! ∫ C^{abc}dϕ_adϕ_bdϕ_c ) , (3.7)

where g_{μν} = ∂_μϕ_a∂_ν ϕ_bη^{ab}.

Now we consider 3-form field C^{abc} part in the world volume action, which is S = T 3! ∫ C^{abc}dϕ_adϕ_bdϕ_c , (3.8) where C^{abc} can generally depend on ϕ_a. This action can be rewritten to the first order form by introducing auxiliary fields η_a and A^a [12]: S_{BSZ} = ∫ ( A^a ∧ (dϕ_a − η_a) + T 3! C^{abc}η_aη_bη_c ) , (3.9)

where η_a is a 1-from and A^a is 2-form. If we redefine η_a as

η_a ≡ −W_{ab}h^b , (3.10)

then (3.9) becomes S_{BSZ} = ∫ ( A^a ∧ (dϕ_a + W_{ab}h^b) − T 3! C^{abc}W_{ad}W_{be}W_{cf} h^dh^eh^f ) . (3.11)

Eq. (3.11) can be obtained by the following procedure from our action (2.28). We can introduce a coupling constant t by redefining B_a to tB_a. We take the limit t −→ 0 in the action (2.28). Then (2.28) coincide with (3.11) if we identify f_{1ab} = W_{ab}, f^{abc}_3 = T W_{ad}W_{be}W_{cf} C^{def} . The theory at finite t has been unknown so far and is quite new one.

4. Conclusion and discussion

We considered all possible deformations of three dimensional BF theory by the antifield BRST formalism. It led us to a new gauge symmetry and a deformed new action, which includes any gauge symmetry deformation with a Lie algebra structure.

This gauge symmetry give an extension of the nonlinear gauge symmetry [1], and the action includes the three dimensional nonabelian BF theory, three dimensional Chern-Simons-Witten gravity theory and topological two-brane theory with nonzero 3-form C^{abc}.

Higher dimensional extension of our discussion is straightforward, it is interesting to investigate possible deformations of the BF theory in various dimension.

It will be possible to make the discussions analogous to Cattaneo and Felder [5], and then this theory may be related to a star product deformation theory or its extension. It will be also useful to examine possible relations with the M2 and M5-branes in M-theory.

Acknowledgments

The author express gratitude to T.Kugo for reading the manuscript carefully. He also thank to Summer Institute 2000 at Yamanashi, Japan which inspired this work.

A. The total BRST transformations on all fields

The total BRST transformation on all fields without antifields are derived from (2.9) as follows:

δϕ_a = −f_{1ab}c_1^b − f_{2a}^bc_{2b} ,

δh^a = dc_1 − ∂f_{2b}^a ∂ϕ_c A^∗_c v^b − f_{2b}^ac_3^b + 1 2 ∂f_{4bc}^a ∂ϕ_d A^∗_dc_1^bc_1^c + f_{4bc}^ah^bc_1^c − − ∂f_{5b}^{ac} ∂ϕ_d A^∗_dc_1^bc_{2c} − f_{5b}^{ac}h^bc_{2c} + f_{5b}^{ac}c_1^bB_c + 1 2 ∂f_6^{abc} ∂ϕ_d A^∗_dc_{2b}c_{2c} + f_6^{abc}B_bc_{2c} ,

δB_a = dc_{2a} + ∂f_{1ba} ∂ϕ_c A^∗_c v^b − f_{1ba}c_3^b + 1 2 ∂f_{3abc} ∂ϕ_d A^∗_dc_1^bc_1^c + f_{3abc}h^bc_1^c + + ∂f_{4ab}^c ∂ϕ_d A^∗_dc_1^bc_{2c} + f_{4ab}^ch^bc_{2c} − f_{4ab}^cc_1^bB_c + 1 2 ∂f_{5a}^{bc} ∂ϕ_d A^∗_dc_{2b}c_{2c} + f_{5a}^{bc}B_bc_{2c} ,

δA^a = dc_3^a − 1 2 ∂^3f_{1de} ∂ϕ_a∂ϕ_b∂ϕ_c A^∗_c A^∗_b v^dc_1^e − ∂^2f_{1cd} ∂ϕ_a∂ϕ_b c^∗_{3b}v^cc_1^d + ∂^2f_{1cd} ∂ϕ_a∂ϕ_b A^∗_b c_3^cc_1^d − − ∂^2f_{1cd} ∂ϕ_a∂ϕ_b A^∗_b v^ch^d + ∂f_{1bc} ∂ϕ_a A^bc_1^c + ∂f_{1bc} ∂ϕ_a c_3^bh^c − ∂f_{1bc} ∂ϕ_a v^bB^{∗c} − − 1 2 ∂^3f_{2d}^e ∂ϕ_a∂ − ϕ_b∂ϕ_c A^∗_c A^∗_b v^dc_{2e}

∂^2 − f_{2c}^d ∂ϕ_a∂ϕ_b c^∗_{3b}v^cc_{2d} − +

∂^2f_{2c}^d ∂ϕ_a∂ϕ_b − A^∗_b c_3^cc_{2d} + + ∂^2f_{2c}^d ∂ϕ_a∂ϕ_b A^∗_b v^cB_d + ∂f_{2b}^c ∂ϕ_a A^bc_{2c} + ∂f_{2b}^c ∂ϕ_a c_3^bB_c − ∂f_{2b}^c ∂ϕ_a v^bh^∗_c − − 1 12 ∂^3f_{3def} ∂ϕ_a∂ϕ_b∂ϕ_c A^∗_b A^∗_c c_1^dc_1^ec_1^f − 1 6 ∂^2f_{3cde} ∂ϕ_a∂ϕ_b c^∗_{3b}c_1^cc_1^dc_1^e −

− 1 2 ∂^2f_{3cde} ∂ϕ_a∂ϕ_b A^∗_b h^cc_1^dc_1^e − 1 2 ∂f_{3bcd} ∂ϕ_a B^{∗b}c_1^cc_1^d + 1 2 ∂f_{3bcd} ∂ϕ_a h^bh^cc_1^d − − 1 4 ∂^3f_{4de}^f ∂ϕ_a∂ϕ_b∂ϕ_c A^∗_b A^∗_c c_1^dc_1^ec_{2f} − 1 2 ∂^2f_{4cd}^e ∂ϕ_a∂ϕ_b c^∗_{3b}c_1^cc_1^dc_{2e} − − ∂^2f_{4cd}^e ∂ϕ_a∂ϕ_b A^∗_b h^cc_1^dc_{2e} − 1 2 ∂^2f_{4cd}^e ∂ϕ_a∂ϕ_b A^∗_b c_1^cc_1^dB_e − − ∂f_{4bc}^d ∂ϕ_a B^{∗b}c_1^cc_{2d} + 1 2 ∂f_{4bc}^d ∂ϕ_a h^bh^cc_{2d} − − ∂f_{4bc}^d ∂ϕ_a h^bc_1^cB_d − 1 2 ∂f_{4bc}^d ∂ϕ_a c_1^bc_1^ch^∗_d − − 1 4 ∂^3f_{5d}^{ef} ∂ϕ_a∂ϕ_b∂ϕ_c A^∗_b A^∗_c c_1^dc_{2e}c_{2f} − 1 2 ∂^2f_{5c}^{de} ∂ϕ_a∂ϕ_b c^∗_{3b}c_1^cc_{2d}c_{2e} − − 1 2 ∂^2f_{5c}^{de} ∂ϕ_a∂ϕ_b A^∗_b h^cc_{2d}c_{2e} + ∂^2f_{5c}^{de} ∂ϕ_a∂ϕ_b A^∗_b c_1^cB_dc_{2e} − − 1 2 ∂f_{5b}^{cd} ∂ϕ_a B^{∗b}c_{2c}c_{2d} + ∂f_{5b}^{cd} ∂ϕ_a h^bB_cc_{2d} − ∂f_{5b}^{cd} ∂ϕ_a c_1^bh^∗_c c_{2d} + + 1 2 ∂f_{5b}^{cd} ∂ϕ_a c_1^bB_cB_d − 1 12 ∂^3f_6^{def} ∂ϕ_a∂ϕ_b∂ϕ_c A^∗_b A^∗_c c_{2d}c_{2e}c_{2f} − − 1 6 ∂^2f_6^{cde} ∂ϕ_a∂ϕ_b c^∗_{3b}c_{2c}c_{2d}c_{2e} − 1 2 ∂^2f_6^{cde} ∂ϕ_a∂ϕ_b A^∗_b B_cc_{2d}c_{2e} − 1 2 ∂f_6^{bcd} ∂ϕ_a h^∗_b c_{2c}c_{2d} + + 1 2 ∂f_6^{bcd} ∂ϕ_a B_bB_cc_{2d} , δc_1^a = f_{2b}^av^b + 1 2 f_{4bc}^ac_1^bc_1^c − f_{5b}^{ac}c_1^bc_{2c} + 1 2 f_6^{abc}c_{2b}c_{2c} , δc_{2a} = f_{1ba}v^b + 1 2 f_{3abc}c_1^bc_1^c + f_{4ab}^cc_1^bc_{2c} + 1 2 f_{5a}^{bc}c_{2b}c_{2c} , δc_3^a = dv^a − ∂^2f_{1cd} ∂ϕ_a∂ϕ_b A^∗_b v^cc_1^d + ∂f_{1bc} ∂ϕ_a c_3^bc_1^c − ∂f_{1bc} ∂ϕ_a v^bh^c − − ∂^2f_{2c}^d ∂ϕ_a∂ϕ_b A^∗_b v^cc_{2d} + ∂f_{2b}^c ∂ϕ_a c_3^bc_{2c} − ∂f_{2b}^c ∂ϕ_a v^bB_c − − 1 6 ∂^2f_{3cde} ∂ϕ_a∂ϕ_b A^∗_b c_1^cc_1^dc_1^e − 1 2 ∂f_{3bcd} ∂ϕ_a h^bc_1^cc_1^d − − 1 2 ∂^2f_{4cd}^e ∂ϕ_a∂ϕ_b A^∗_b c_1^cc_1^dc_{2e} − ∂f_{4bc}^d ∂ϕ_a h^bc_1^cc_{2d} − 1 2 ∂f_{4bc}^d ∂ϕ_a c_1^bc_1^cB_d − − 1 2 ∂^2f_{5c}^{de} ∂ϕ_a∂ϕ_b A^∗_b c_1^cc_{2d}c_{2e} − 1 2 ∂f_{5b}^{cd} ∂ϕ_a h^bc_{2c}c_{2d} + ∂f_{5b}^{cd} ∂ϕ_a c_1^bB_cB_d − − 1 6 ∂^2f_6^{cde} ∂ϕ_a∂ϕ_b A^∗_b c_{2c}c_{2d}c_{2e} − 1 2 ∂f_6^{bcd} ∂ϕ_a B_bc_{2c}c_{2d} , δv^a = ∂f_{1bc} ∂ϕ_a v^bc_1^c + ∂f_{2b}^c ∂ϕ_a v^bc_{2c} + 1 6 ∂f_{3bcd} ∂ϕ_a c_1^bc_1^cc_1^d + 1 2 ∂f_{4bc}^d ∂ϕ_a c_1^bc_1^cc_{2d} + + 1 2 ∂f_{5b}^{cd} ∂ϕ_a c_1^bc_{2c}c_{2d} + 1 6 ∂f_6^{bcd} ∂ϕ_a c_{2b}c_{2c}c_{2d} . (A.1)

References

[1] N. Ikeda and K.-I. Izawa, Gauge theory based on quadratic lie algebras and 2-d gravity with dynamical torsion, Prog. Theor. Phys. 89 (1993) 1077; General form of dilaton gravity and nonlinear gauge theory, Prog. Theor. Phys. 90 (1993) 237 [hep-th/9304012];

for review N. Ikeda, Two-dimensional gravity and nonlinear gauge theory, Ann. Phys. (NY) 235 (1994) 435 [hep-th/9312059].

[2] For a review, D. Birmingham, M. Blau, M. Rakowski and G. Thompson, Topological field theory, Phys. Rep. 209 (1991) 129.

[3] P. Schaller and T. Strobl, Poisson structure induced (topological) field theories, Mod.

Phys. Lett. A 9 (1994) 3129 [hep-th/9405110];

see also P. Schaller and T. Strobl, Poisson sigma models: a generalization of 2-d gravity Yang-Mills systems, hep-th/9411163;

A.Y. Alekseev, P. Schaller and T. Strobl, The topological G/G WZW model in the generalized momentum representation, Phys. Rev. D 52 (1995) 7146 [hep-th/9505012]; P. Schaller and T. Strobl, Introduction to Poisson sigma-models, hep-th/9507020.

[4] T. Klösch and T. Strobl, Classical and quantum gravity in 1 + 1 dimensions, 2. The universal coverings, Class. and Quant. Grav. 13 (1996) 2395, erratum ibid. 14 (1997) 825 [gr-qc/9511081]; Classical and quantum gravity in 1+1 dimensions, 1. A unifying approach, Class. and Quant. Grav. 13 (1996) 965 [gr-qc/9508020].

[5] A.S. Cattaneo and G. Felder, A path integral approach to the Kontsevich quantization formula, Comm. Math. Phys. 212 (2000) 591 [math.QA/9902090].

[6] M. Kontsevich, Deformation quantization of poisson manifolds, 1, q-alg/9709040.

[7] N. Seiberg and E. Witten, String theory and noncommutative geometry, J. High Energy Phys. 09 (1999) 032 [hep-th/9908142].

[8] K.-I. Izawa, On nonlinear gauge theory from a deformation theory perspective, Prog.

Theor. Phys. 103 (2000) 225 [hep-th/9910133].

[9] G. Barnich and M. Henneaux, Consistent couplings between fields with a gauge freedom and deformations of the master equation, Phys. Lett. B 311 (1993) 123 [hep-th/9304057];

G. Barnich, F. Brandt and M. Henneaux, Local brst cohomology in the antifield formalism, 1. General theorems, Comm. Math. Phys. 174 (1995) 57 [hep-th/9405109]; For a review, M. Henneaux, Consistent interactions between gauge fields: the cohomological approach, hep-th/9712226.

[10] O.F. Dayi, Consistent interactions in terms of the generalized fields method, Int. J.

Mod. Phys. A 12 (1997) 4387 [hep-th/9604167].

[11] E. Witten, (2+1)-dimensional gravity as an exactly soluble system, Nucl. Phys. B 311 (1988) 46;

E. Witten, Topological field theory, Phys. Rep. 209 (1991) 129.

[12] I. Bengtsson, N. Barros e Sá and M. Zabzine, A note on topological brane theories, Phys. Rev. D 62 (2000) 066005 [hep-th/0005092].